Quantum dynamical semigroups generated by 
noncommutative unbounded elliptic operators 

Changsoo Bahn 

Natural Science Research Institute, Yonsei University, Seoul 120-749, Korea 

e-mail: bahn@yonsei.ac.kr 

Chul Ki Ko 

Natural Science Research Institute, Yonsei University, Seoul 120-749, Korea 
e-mail: kochulki@hotmail.com 

Yong Moon Park 
Department of Mathematics, Yonsei University, Seoul 120-749, Korea 
e-mail: ympark@yonsei.ac.kr 

Abstract 

We study quantum dynamical semigroups generated by noncommutative 
unbounded elliptic operators which can be written as Lindblad type un- 
bounded generators. Under appropriate conditions, we first construct the min- 
imal quantum dynamical semigroups for the generators and then use Cheb- 
otarev and Fagnola's sufficient conditions for conservativity to show that the 
semigroups are conservative. 
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1. Introduction 

The purpose of this work is to study quantum dynamical semigroups(q.d.s.) gen- 
erated by noncommutative unbounded elliptic operators. The generators can be 
expressed as Lindblad type (unbounded) generators. Under appropriated condi- 
tions on coefficients, we first construct the minimal quantum dynamical semigroups 
for the generators and then use Chebotarev and Fagnola's sufficient conditions for 
conservativity to show that the semigroups are conservative. For the details, see 
Section 3. 

Let us first describe briefly the background of this study. In |BPj . using a 
quantum version of Feynman-Kac formula, the authors constructed the Markovian 
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semigroup generated by the following noncommutative elliptic operator £ on a von 
Neumann algebra Ai acting on a separable Hilbert space f): 



DiC) = DiS'), (1.1) 
C{X) = ^5\X) + aSiX) + SiX)a - ^[a, [a, X]], Xe D{C), 

where a is a self-adjoint element of A^, 6 is the generator of a weak*- continuous 
group of *-automorphisms {at)tm of A4 and [A, B] = AB — BA. 

Let M. = -B(f)) and & be a self-adjoint operator on [). Let at{X) = e**''Xe~**^, X G 
A4, be the corresponding one parameter group of automorphisms of Ai. Then 

6{X) = i[b,X], X G D{S). (1.2) 

Put 

L:=a-ib, H := ^{ab + ba) . (1.3) 

The generator C in (jl.lll can be represented by the following Lindblad type gener- 
ator: 

C{X) = i[H,X]-^L*LX + L*XL-^XL*L, X e D{C), (1.4) 

where [A, B] = AB - BA. 

In this paper, we consider the following situation: Let f) = L^(]R'^) and Wi{xi, - ■ ■ , Xd) 
I = 1,2, ■■ ■ ,d, denoted by Wi{x), be real valued twice differentiable functions on 
W'-. For each / = 1, 2, ■ ■ ■ , let di be the differential operator ^ with respect to 



the l-th coordinate. For each / = 1, 2, ■ ■ ■ ,d, we choose 



ai = —Wi and bi = —idi. (1.5) 

Then by 

Li:=-{Wi + di) and Hi := '-{Widi + diWi). 
We are interested in the following (formal) generater C : 

£(X) = Y^[i[HuX]-hlLiX + L]XLi-]^XL*iL^ (1.6) 



1=1 
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It is worth to mention that if X is a smooth function with a compact support on 
(a multiphcation operator on L'^{W^)), then [Wi, X] = 0, I = 1,2, ■ ■ ■ , d and the 
generator given in p.6|) can be rewritten as 



£{X) = ^AX -2W -VX, (1.7) 



where W = {Wi, ■ ■ ■ ,Wd), VX = {d^X, ■■■ , d^X) and AX = J^ti ^uX. Thus the 
operator C given in ()1.6p is a noncommutaive generahzation of the eUiptic operator 
given in (jl.7p . 

The aim of this paper is to construct the conservative minimal q.d.s. with gen- 
erator C given in ()1.6|) for an unbounded multiphcation operator Wi, I = 1,2, ■■■ ,d. 
Because of the unboundedness, the method of the quantum Feynman-Kac formula 
in |BP| ILSj can not be applied. In |BKj . the authors employed the theory of the 
minimal quantum dynamical semigroup to construct the Markovian semigroup with 
generator C in ()1.4j) under the condition [a, b] is bounded. This condition means 
that [Wi, idi] is bounded for any / = 1, 2, ■ ■ ■ , d in our case. In this paper, we will 
improve the condition. Suppose that there exist positive constants ki and ^2 such 
that the bounds 



1^1 < h{W^ + ... + W^) + h, l,k = l, 2, d, (1.8) 



hold(see Assumption 13. 1|) . Under additional conditions ( see Assumption 13.11 and 
Assumption 13. 2|) . we construct the minimal q.d.s. with generator L given by ()1.6p 
and show its conservativity by using the result of Fagnola and Chebotarev jCFT| 

The paper is organized as follows: In section 2, we review the theory of the mini- 
mal q.d.s. and give Chebotarev and Fagnola's sufficient conditions for conservativity 
[nF2] . In section 3, we give the assumptions and example for W and state main 
results. First, we introduce a proposition related to the perturbation of generator of 
a strongly continuous contraction semigroup, and then construct the minimal q.d.s. 
with (formal) generater C Under additional condition, we show that the q.d.s. is 
conservative. Section 4 is devoted to proofs of main results. 
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2. Review on the minimal quantum dynamical 
semigroups 

Let f) be a separable Hilbert space with the scalar product (•, •) and norm || • ||. 
Let B(f)) denote the Banach space of bounded hnear operators on i). The uniform 
norm in B{i)) is denoted by || • ||oo and the identity in f) is denoted by /. We denote 
by D{G) the domain of operator G mi). 

Definition 2.1 A quantum dynamical semigroup(q.d.s.) on B{i)) is a family T ~ 
iXt)t>o of hounded operators in with the following properties: 

(i) %{X) = X, for all X e B(f)), 

(ii) Tt+s{X) =Tt{Ts{X)), for alls,t> and all X e BH)), 
(Hi) < /, for allt> 0, 

(iv) (completely positivity) for all t > 0, all integers n and all finite sequences 
{Xj)f^^, (^)ILi of elements ofB{i)), we have 

n 

J2 y:%{x:x,)y, > 0, 

(v) (normality or a-weak continuity) for every sequence {Xn)n>i of elements of 
B(^) converging weakly to an element X of B{i)) the sequence (^(-^n))n>i 
converges weakly to %{X) for all t >0, 

(vi) (ultraweak or weak* continuity) for all trace class operator p on i) and all 
X e i3(f)) we have 

\im Tr{pTt{X)) = Tr{pX). 

We recall that as a consequence of properties (iii), (iv), for each i > and X e B{\\), 
7^ is a contraction, i.e., 

||7;(X)||oo< ||X||oo, (2.1) 

and as a consequence of properties (iv), (vi), for all X e i3([)), the map t ^ 
is strongly continuous. 

Definition 2.2 A q.d.s. T — (^)t>o is called to he conservative or Markovian if 
%{!) = I for all t > 0. 
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The natural generator of q.d.s. would be the Lindblad type generator [CH IParj 

1 °° 1 

CiX) = i[H, X] - -XM + L*iXLi - -MX, X e S(f)) 

1=1 

where M = Yl^i ^*i^h is densely defined and H a symmetric operator on f). The 
generator can be formally written by 

oo 

£(X) =XG + G*X + J2 LiXLi, 

1=1 

where G = —iH — \M. A very large class of q.d.s. was constructed by DaviesjDaj 
satisfying the following assumption. It is basically corresponding to the condition 
£(/) = 0. 

Assumption 2.1 The operator G is the infinitesimal generator of a strongly con- 
tinuous contraction semigroup P = {P{t))t>o in f). The domain of the operators 
(-^Oi^i contains the domain D{G) of G. For all v,u & D{G), we have 

oo 

{v, Gu) + {Gv, u) + ^{Liv, Liu) = 0. (2.2) 
1=1 

As a result of Proposition 2.5 of |CFlj we can assume only that the domain of 
the operators Li contains a subspace D which is a core for G and (|2.2j) holds for all 
v,u E D. 

For all X G B{i)), consider the sesquilinear form C{X) on [) with domain D{G) x 
D{G) given by 

oo 

{v,C{X)u) = {v,XGu) + {Gv,Xu) + J2{Liv,XLiu). (2.3) 

1=1 

Under the Assumption 12.11 one can construct a q.d.s. T = (Tt)t>o satisfying the 
equation 

{v,Tt{X)u) = {v,Xu) + [ {v,CiZiX))u)ds (2.4) 

Jo 

for all v,u E and all X G -B({)). Indeed, for a strongly continuous family 

{Tt{X))t>Q of elements of i3(()) satisfying (j2.1|) . the foUowings are equivalent: 

(i) equation (jTl)) holds for all v,ue D{G), 
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(ii) for aA\ v,u E D{G) we have 



{v,%{X)u) = {P(t)v,XP{t)u) 



(2.5) 



+ V / {LiPit ~ s)v,%{X)LiP{t - s)u)ds. 
1=1 -^0 



We refer to the proof of Proposition 2.3 in |CF2j . A solution of the equation ()2.5p 
is obtained by the iterations 



for all u G D{G). In fact, for all positive elements X G B{i)) and all t > 0, 
the sequence of operators {%^^\x))n>o is non-decreasing. Therefore it is strongly 
convergent and its limits for X G and t > define the minimal solution {%)t>o 
of ()2.5p in the sense that, given another solution (7^')t>o of ()2.4|) . one can easily 
check that 



for any positive element X and all t > 0. For details, we refer to |ChH iFa]. From 
now on, the minimal solution {%)t>o is called the minimal q.d.s.. 

Chebotarev and Fagnola gave a criteria to verify the conservativity of minimal 
q.d.s. (Tt)t>o obtained under Assumption 12.11 Here we give their result. 

Theorem 2.1 [Theorem 4-4 ICF^ l Suppose that there exists a positive self- 
adjoint operator C in i) with the following properties: 

(a) The domain of the positive square root C^l"^ contains the domain D(G) of G 
and D{G) is a core for C^^"^ , 

(h) the linear manifolds Li^D^G"^)) , I > 1, are contained in the domain of C^^"^ , 

(c) there exists a positive self-adjoint operator $, with D{G) C such that, 

for all u G D{G), we have 



{u,Tr{X)u) 
{uX^-^'\x)u) 



{P{t)u,XP{t)u), 
{P{t)u,XP{t)u) 



(2.6) 




oo 



Z{X) < Tl{X) < ||X|U/ 



oo 



2Re{u, Gu) = J2 W^i^f = ll'^^^^^ 



1=1 
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(d) D{C) C D{^), and for all u e D{C) we have \\^^''^u\\ < \\C^'Ml 

(e) there exists a positive constant k such that 

oo 

2i?e(CV2«, C'/'^Gu) + WC^'^LiA^ < k\\C"^A\ (2-7) 

1=1 

for allue DiC^). 
Then the minimal q.d.s. (7^)t>o is conservative. 

3. Conservative minimal quantum dynamical semi- 
groups: Main results 

Let f) = L'^{R'^) and V = C^(R'^), the space of C°°-functions with compact 
support. We denote hy di = ^( ' = 1, 2, li) differential operators with respect to 
the Z-th coordinate and dik = 'q^~q^^{ l,k = 1, 2, d). For any measurable function 
T, we denote the (distributional) derivative ^ by (T)/, I = 1,2, d. The Laplacian 
and the gradient operators are denoted by A and V, respectively. 

Let a function (vector field) W : M.'^ R"^, W ^ {Wi,W2, ...,Wd),he given, where 
each component function Wi{x), I = l,2,...,d, is a real valued twice differentiable 
function on W^. We will denote 

1=1 1=1 1=1 

In the rest of this paper we suppose that W satisfies the following assumption. 

Assumption 3.1 The function W = {Wi, W2, Wd) satisfies the following prop- 
erties: 

(C-1) Wi eC^R"), I ^ 1,2,..., d, 

(C-2) for any e e (0, 1) there exists a positive constant c{e), depending on e, such 
that 

\{Wi)k\<eW + c{e) (3.1) 

for any l,k — 1, 2, d, 
(C-3) there exist positive constants ci, C2 such that 

\{Wi)ik\<ci\W\ + C2, l,j,k^l,2,...,d. (3.2) 
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Remark 3.1 (a) By (C-1), G LL(^'^). ^ = 1,2,. ..,(/. Due to Theorem X.28 
of IRSf . —A + is essentially self adjoint on V. 

(b) The condition (C-2) implies that for any e G (0, 1) there exist positive con- 
stants ci{e) and C2{b), depending on e, such that for any l,k = 1,2, ...,d and u eV 

im^kuf < e'\\WM' + ci{e)\\ur, (3.3) 
\\{Wi)kur < e'\\W'u\\' + c,{e)\\uf. (3.4) 

(c) Using the fact that \W\ < \{aW'^ + a^^),a > 0, we get from that for 
any e G (0, 1) there exist a positive constant C3{e~^), depending on e 

\iWi),k\<eW^ + C3ie-'), l,j,k = l,2,...,d. (3.5) 



Example 3.1 Let V : M.'^ ^ be the function (potential) given by 

d 

V{x) = ^azx^ + Q(x), 
1=1 

where ai > 0, I = 1,2,.. .,d, and Q{x) is a polynomial with degree less than or 
equal to 2n-l. Choose W = {Wi,W2, ...,Wd), Wi = l{V)i, l = l,2,...,d. That is, 
W = |Vy. Then it is easy to check that for any l,k = 1, 2, d, 

\{W^)kix)\ < ai|x|^"-3 + /5i, (3.6) 
W\x) > a2\x\^"-^ - 132, 

for some positive constants a\,a2. Pi and (32. Notice that for any e > 

< if \x\ > e-\ (3.7) 

|^|4n-3 < ^-(4n-3) |^| < 

Combining 6|) and \3. 7| ), we get that the inequality 1]) holds. The inequality 
\3. jjj) can be checked similarly. Thus W satisfies Assumption VJ . 1\ 
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Consider the operators Li, H, Gq and G on a domain V 

Liu = -{Wi + di)u, 1= l,...,d, Li = 0,l>d, (3.8) 

. d . d 

Hu='- Y^Wi + diWi)u = Y.i'^Widi + {Wi)i)u, (3.9) 
1=1 1=1 

1=1 1=1 

= -^(-A + M^^-X;(1^00«' 

1=1 

Gu = -iHu + Gou. (3.11) 

Clearly i^f is a densely defined symmetric operator on P. Recall that — A + W"^ is 
essentially self adjoint on V. 

Lemma 3.1 Suppose that W = {Wi,W2, ■■■,Wd) satisfies Assumption \S. 11 Then 
the derivative Ym=i(^i)i relatively —A + W"^ -hounded with relative hound less 
than 1 on V. Moreover —Gq is positive, essentially self adjoint on T). 

The proof of Lemma 13.11 will be given in Section 4. The operator Go generates a 
strongly continuous contraction semigroup on P). Since the adjoint operator G* of 
G is given by G* = iH + Gq on V, G is closable. Denote by G again its closure 
We consider the elliptic operator C on B{i)) formally given by 

^ d d 1 

c{x) = i[h,x]--y,l:lix+y,l:xu~-y,xl:lu 

1=1 1=1 1=1 

d 

= G*X + XG + J2LiXLi, XeD{C). (3.12) 



Remark 3.2 In case that [Wi,idi] is hounded on T> and d = 1, the elliptic operator 
C in i3.1^} was studied in IBK^ . In this paper, we will remove the houndedness( see 

As mentioned in Introduction, we will construct the minimal q.d.s. with the 
formal generator ()3.12p under Assumption 13.11 and adding appropriate conditions 
( Assumpt ion 13 . 2() . show the conservativity of the semigroup. 

We state our main results. First let us introduce a proposition to show that G 
is the generator of a strongly continuous contraction semigroup on [). 
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Proposition 3.1 Let {A,D{A)) be the generator of a strongly continuous contrac- 
tion semigroup on a Hilbert space 1) and let {B,D{B)) be a symmetric operator on 
P). Assume that the following properties hold: 

(a) there is a dense set D such that D C -0(^4) fl D{B) and D is a core for A, 

(b) there are positive constants a, h such that the bound 

llfiuf < a^llAwf + b^wf (3.13) 

holds for any u & D, 

(c) for any e > there is a constant c{e) > 0, depending on e, such that the bound 

±i{{Au, Bu) - {Bu, Au)) < e\\Auf + cie)\\uf (3.14) 
holds for any u (z D. 

Then for any a G M the operator {A + iaB, D{A)) generates a strongly continuous 
contraction semigroup on f). Moreover D is a core for A + iaB. 

Now consider the sesquilinear form C{X) on P) with domain V x V given by 

d 

(v, C{X)u) = {v, XGu) + {Gv, Xu) + ^{Uv, XLiu) (3.15) 

1=1 

and the semigroup T = {Tt)t>Q satisfying the equation 

{v,Tt{X)u) = {v,Xu) + [ {v,C{Ts{X))u)ds (3.16) 

Jo 

for all u,v eV and for all X G -B(f)). 

Theorem 3.1 Suppose that W = {Wi, W2, Wd) satisfies Assumption \y.ll 

(a) The operator G defined as in generates a strongly continuous contraction 
semigroup on f). Moreover T> = C^(R°') is a core for G. 

(b) There exists the minimal q.d.s. T = {Tt)t>o satisfying \3.1t^) . 

Next, to show that the minimal q.d.s. T = {Tt)t>o is conservative, let us intro- 
duce another assumption for W = {Wi, W2, Wd). 

10 



Assumption 3.2 There exists a constants C4 G M such that 
(C-4) {(Wi)k) > — C4 in the sense that for any complex numbers ^1, ^2, Cd, 

d d 
l,k=l k=l 

Remark 3.3 Let W = (VFi, W2, PVd) be given as in Example fO Then (C-4) 
means that HessV > — C5, where Hess V is the Hessian ofV. 

Theorem 3.2 Suppose that W = {Wi, W2, Wd) satisfies Assumption AS. 1\ and As- 
sumption \3.^ Then the minimal q.d.s. T = (7^)t>o satisfying 0^.1 (^) is conservative. 

4. Proofs of main results. 

In this section, we produce the proofs of Lemma 13.11 Proposition 13.11 Theorem 
13.11 and Theorem 13.21 We first give the proof of Lemma 13.11 

Proof of Lemma 13.11 We compute that for u eT> 

||(_A + H^2)nf = ||Anf + ||11^2^||2 + 2i?e(-AM,W\) 

= \\Auf+\\WM\^ 
d 

+2 {{dm, W^diu) + Re{diu, {W%u)) 
1=1 

d 

> W^uW'' + WW^uW'' - 2Y\\diu\\\\{W^)iu\\ 

1=1 

d 

> \\Auf+\\W\f-Y,{\\diuf+\\{W^)Mn- (4-1) 

1=1 

Notice that for any e E (0, 1) 

d 

J2\\9iuf = {-Au,u)<\\Au\\\\u\\ 
1=1 

< ^{e^Auf + r'Wuf). (4.2) 

Choosing e sufficiently small, we conclude from ()4.1|) . ()4.2j) and the bound in ()3.3|) 
that there exist constants 61 > 1 and 62 > such that 

\\Auf + < 6i||(-A + W^)uf + b^Wuf (4.3) 
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for any u & V. 

Combining ()4.3p and ()3.4p . and choosing e sufficiently small, we obtain that 

d 

II J2(Wi)iuf < hU-A + W')uf + b4uf (4.4) 
1=1 

for u eT) and some < 63 < 1, < 64. This yields the proof of lemma. □ 

Proof of Proposition IXTl Replacing B by a~^B, we may assume that a = 1. 
It follows from (|3.14|) that for any 71 > 0, 72 > and u E D 

\\{A + t^,B)uf-jUBuf 
= \\Auf + iji{{Au, Bu) - {Bu,Au)) + ill - ji)\\Buf 
> (1 - iis)\\Aur + ill - iDWBur - lic{e)\\ur. 

By choosing e < 7j^\ we conclude that for any < 72 < 71 and u E D the bound 

'yiW Buf < \\{A + i-fiB)uf + -fid{e)\\uf (4.5) 

holds. 

Since D is a core for A, the bound ()3.13p (with a = 1) holds for all u E D{A). 
Thus for any < (3 < 1, (3B is relatively A-bounded with relative bound less 
than 1. Since {B,D{B)) is symmetric, it is dissipative. Therefore the operator 
{A + if3B, D{A)) generates a strongly continuous contraction semigroup on f)(see 
Corollary 3.3 of [ |Pazl . Chap. 3].) Moreover D is a core for A + i^B by ()3.13|1 

The bound ()4.5j) with 71 = 72 = implies that for < 7 < 1, (3'yB is relatively 
A + if] B-hounded with relative bound less than 1 and so {A + i/3{l + 'y)B, D{A)) gen- 
erates a strongly continuous contraction semigroup and D is a core for the operator. 
Since /37 < 72 = 71 = /?(l + 7), the bound (g^D implies that {A + if3{l + 2-f)B, D{A)) 
generates a strongly continuous contraction semigroup. 

By using an induction argument, we conclude that for any 7 E (0, 1) and 
n = 1, 2, 3, the operator {A + i/3{l + nj)B, D{A)) generates a strongly continuous 
contraction semigroup and D is a core for generator. For given a > 0, one can 
choose /3, 7 G (0, 1) and n such that a = /9(1 + 717), and for given a < 0, B replaces 
by —B. This completes the proof of the theorem. □ 

In order to show that the operator G defined as in 1)3.111) is a generator of a 
strongly continuous contraction semigroup on [), we only need to check the conditions 
of Proposition 13.11 
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Proof of Theorem 13.11 (a) To prove the part (a) of theorem we apply 
Proposition 13. II for A = Gq, B = H and D = V. Clearly H is a. symmetric operator 
on V. By Lemma f3. 11 Go is negative, essential self-adjoint on V, and so it generates 
a strongly continuous contraction semigroup. Thus the condition (a) of Proposition 
13.11 holds. Let us show the condition (b) of Proposition 13.11 A direct computation 
yields that for -u G 

1 

1=1 
1=1 
1=1 

and 

\\Widiu\\^ = {W^diu,diu) 

= {diW^u,diu)-{{W^)iu,diu) 

< \\wM\\dM\ + \m^)iu\mu\\ 

< l{\\wM'+\\dfur + \\{w^)iur + \\dM\'), 

which implies 

1=1 

d 

+dY,mur+\\diur). (4.6) 
1=1 

Note that ioi u e V 

d 

< m'ur, (4.7) 

1=1 

Eii^Mr < \\j2dfuf = \\Aur, 
1=1 1=1 

where we have used that for l,k = 1,2, ...,d 

{dfu,dlu) = {dikU,dkiu) > 0. 
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Applying (j4.2j) . (|4.7|) and (|3.3|) into (|4.6|) . we get that there exist constants ai > d 
and a2 > such that for any u eT) 

WHuW" < aidlAizf + WW^W") + a2\\u\\\ (4.8) 

On the other hand, for any e G (0, 1) and u eV, we have 

WGouf = \\\i-A+w'-j2mi)ur 

1=1 

> \{\\{-A+w')u\\-\\f2iwi)iu\\y 

1=1 

> ^((1 - ^)ii(-A + w')ur + (1 - e-')\\ E(^o^«ir) 

1=1 

> |((l-^)ll(-A + l^>|p-^-^X^||WHP)- (4.9) 

1=1 

Substituting P?T|) into ((13), we have 

IIGo^ll^ > \{l-e){\\Aur+\\W\r) 



-I E dl^'^ll' + + e-'UWMl'). (4.10) 
1=1 

Choosing e sufficiently small, we conclude from ()4.10|) . ()4.2|) and the bound in ()3.3p 
that there exist constants as > 4 and > such that 

\\Auf + WW^uf < asWGouf + aM\^ (4-11) 

for any u eT). Combining ()4.1ip and ()4.8|) . we obtain that 

\\Huf < a^G^uf + a^uf, ueV (4.12) 

for some 05 > Ad and ae > 0. This proves the inequality ()3.13p . 

Next we consider the commutator estimate in (|3.14j) . Recall that 

d 



1=1 1=1 

. d 

B = H='-Y,{Widi + diWi). (4.13) 



1=1 
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We can write that 

d ^ d d 



1=1 1=1 k=l 

1 

k=l 

^ d d 



4 

fc=i «=i 



Notice that 



[-A,WA + dkWk] = [-A,Wk]d, + dk[-A,Wk] (4.15) 

d 

= - 5^ (aKW^fc)^^ + {Wk)idki + MWk)i + dk{Wk)idi) 



1=1 

d 



J2 {iWk)iidk + 2{Wk)idki + 2dik{Wk)i - dk{Wk)a)) 



1=1 



and 



[W^ - Y.i'^i)^^ + dkWk] (4.16) 
1=1 

d 

= [W\ WA + dkWk] - Y,[{Wi)u WA + dkWk] 

1=1 

d 

1=1 

d 



1=1 



as bihnear forms on V. Substituting ()4.15p and ()4.16p into ()4.14p . we obtain that 
for G P 



l,k=l 
1 

^2 E ((^')^ - iWi)ik)u). (4.17) 



i=l i,A:=l 



l,k=l 
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l,k=l l,k=l 

d 

< 

2 

Lk=l 



Notice that for e G (0, 1) and u eT) , 

d d 

l,k=l 

Y,\{4dkM? + e-'\\{W,)M?) 

l,k=l 
l,k=l 

= -{e\\Auf + dh\\W\f + bicf\\uf) (4.18) 

for some constant 6i > 0. Here we have used ()H.4j) in third inequahty. Similarly, for 
e e (0, 1) and m G P we get from (jSIHl) and (jl2I) that 



Y.m,)nu,d,u)\ < Y.\{\\{w,)uur+\\d,ur) 



Lk=l Lk=l 



< ^{ed\\Auf + d'e\\W'uf + b,\\uf), (4.19) 

and also by (j3.3|) and (j3.5j) . 

d 

J2\iWkU,{{W^)k-{W,)ik)u)\ (4.20) 

l,k=l 

< ^(^iiw^.^ir + ^'Hii(w^/Vf + II wk^r)) 

l,k=l 

< eh\\W\f + h\\u\\^ 

for some constants 62, depending on e and 63 > 0, where we have used 

d d 



k=X fe=l 



Then substituting (jUIHI), and (p3n|l into (pTTTjl . one has that e G (0, 1) and 
some 65 > 

1 

^[-9 E -^]^) ^ ^(ll^^f + II W^'^f ) + ^slkf- (4.21) 



2 
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Here we can choose i. as small as possible. Hence two inequalities (|4.11|) and (|4.2ip 
produces that for any e' > there is a constant b^, depending on e', such that the 
bound 

1 

±K^[-25Z^'*^''-^]^) ^^'ll^o^ll' + ^ell^f. (4.22) 
1=1 

The part (a) of the proof is completed. 

(b) By (a), G generates a strongly continuous contraction semigroup on {) and 
V = C^(M'^) is a core for G. We get from and (fTTT^ that we have 

d 

{v, Gu) + {Gv, u) + ^{Liv, Liu) = (4.23) 
1=1 

for all u,v & V. Thus G and Li, I = 1,2, satisfy the condition ()2.2|1 on P, a 
core for G, and so Assumption 12.11 is satisfied. Therefore, as mentioned in Section 
2, by the iterations, we can construct a minimal q.d.s. T = {%)t>o satisfying the 
equation (|3.16|) . □ 

Proof of Theorem 13.21 Applying Theorem 12.11 we show that the minimal 
q.d.s. is conservative. Let us choose the operator C 

d d 

C = -2Go = LIU = -A + W^- J^i^ih (4.24) 

1=1 1=1 
D{C) = {ue L2(M^)|the distribution Gu G L'^{R'^)}. 

Recall that D is a core for C. We have that as bilinear forms on V 



G*G = {iH + Go)i-iH + Go) 
= + Gl + i[H,Go] 

> Gl + i[H,Go]. (4.25) 



It follows from and (jO^ that we have 

WGouW^ < a\\Guf + b\\u\\\ ueV (4.26) 

for some a, b > 0. Using the relations (j4.24j) . (j4.26p and the fact that —iH is rela- 
tively bounded perturbation of Gq, we obtain that G and G are relatively bounded 
with respect to each other and so D(G) = D{C). 
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We will check that the operator C satisfies Theorem 12. 11 Hypothesis (a) and (b) 
of Theorem 12 .11 are trivially fulfilled. To check the condition (e) of Theorem 12.11 we 
estimate 



d ^ 

CG +G*C + Y. ^i^^i = ^[H,C] + -J2 {mC, Li] + (LHC, L,])*) (4.27) 
1=1 1=1 



as bilinear forms on V. 

We obtain from pTfjl and C = YlLi L^U that 



d 



i[H,C] = -J2ii^k)idki + MWk)i + ^{{Wk)adk-dk{Wk)u)) 

l,k=l 
d 

l,k=l 

d 

= -Y,{2di{Wu)idk + di{Wu)ik--{{Wk)udk + dk{Wk)a)) (4.2^ 



Lk=l 



J2 {2WkWi{Wi)k-Wk{Wi)ik) 

l,k=l 



as bilinear forms on P. On the other hand, we have 



[C,Li] = [-A + W^-J2iWk)k,Wi + di] 

k=l 

d 

= -[A,Wi] + [W^di]-J2[iV^k)k,di] 

k=l 

d 

= ^ ( - dk{Wi)k - {W{)A - 2Wi,{Wk)i + {Wk)ki) 

k=l 

d 

= ^ ( - 2dk{Wi)k + {Wi)kk - 2Wk{Wk)i + {Wk)ki) , 



k=l 
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which imphes 

d 

-j2iLnc,u] + m[c\L,]r) 
1=1 

1 

= 2 5Z {(^' - di){-2dk{Wi)k + U{k, 0) + {2{Wi)A + U{k, l)){Wi + di)} 

l,k=l 
d 

l,k=l 
d 

+ {{MWi)k + {Wi)udiu) - -[duU{k,l)]] 

l,k=l 

as bihnear forms on V, where U{k, I) = (Wi)kk - 2Wk(Wk)i + (Wk)ki- Notice that 

[di, U{k, I)] = [di, {Wi)kk + {Wk)ki] - 2{iWk)if - 2Wk{Wk)u 
as bihnear forms on P. Thus we have 

1=1 

d 

= { - Wi{Wi)kk) + Wi{{Wi)kk - 2Wk{Wk)i + {Wk)ki) } 

l,k=l 
d 

+ J2 {'^9k{Wi)kdi + dk{Wi),i - {Wi)kkdi) 

l,k=l 
d 

l,k=l 
d 

= Y {2(( + dk{Wi)kdi - WiWk{Wk)i) + {Wi{Wk)ki + Wk{Wk)u) } 

l,k=l 
d 

+ Y ii9kiWi)ki - iWi)kkdi) - -[di, iWi)kk + iWk)ki]), (4.29) 

l,k=l 

as bihnear forms on V. Exchanging / and k in ()4.28|) . and substituting ()4.28|) and 
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(jOnjl into (lOTfl . one has 

d 

CG+G*C + J2l1CLi (4.30) 

1=1 

d 

= J2 {-mWk{Wk)i--[di,{Wk)ki]) 

l,k=l 
d 

+ J2 W^khf + 2Wi{Wk)ki + Wk{Wk)ii) 

l,k=l 

as bilinear forms on P. By (C-4), we get that for u G P 

d d d 

l,k=l 1=1 k=l 

d 

< 4c5^(W/M,W/w) = 4c5(m,WM. (4.31) 



1=1 



And it follows from (C-2) and (C-3) that 



\2{iWk)iy + 2Wi{Wk)ki + Wk{Wk)a\ < hW' + h. (4.32) 

d 1 

Y,\{n.di{w,)uu)\ < + ||(w^,),,nf) 

l,k=l l,k=l 

< ^ {d{u, -Au) + d?{u, {hW^ + hA)u)) , 

foTuEV and some positive constants bi, i = 1,2,3,4. Applying ()4.31|) and ()4.32|] 
into ()4.3()|1 . we have 

d 

2Re{Cu, Gu) + ^{Uu, GUu) < h^{u, (-A + W'^)u) + hfs{u,u), ueV 
1=1 

for some 65, fee > 0. By (C-2), for m G and e G (0, 1) we have 

d 

{u,Gu) = {u{-A + W^)u) -Y,(''^(^^)i'') 

1=1 

> {u,{-A + W^)u) -e{u,W\) -br\\uf 

> {l-e){u,{-A + W^)u) -brWuf, 

for some constant 67 > 0. Thus for m G P and some bs,bg > 

d 

2Re{Cu,Gu) + '^{Liu,CLiu) < b^{u,Cu) + b^{u,u). 
1=1 
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Redefine C = X;f=i L^U + |, then by we have 

d 

2Re{Cu, Gu) + ^{Uu, CUu) < bs{u, Cu),ue V. (4.33) 
1=1 

We want to extend the inequahty ()4.33j) to the domain D{G). Since G and C 
are relatively bounded with respect to each other, there exists a sequence of 
elements of T> such that 

lim Un = u, lim Cun = Cu, lim Gun = Gu, u G D{G). 

?i— »oo n— >oo n— ►oo 

Then the relation (j4.33p implies that {G^/'^LiUn}n>i is a Cauchy sequence. Therefore 
it is convergent and it is easy to deduce that (|4.33|) holds for u G D{G). 

Note that $ = X;?=i LiLi < G{= $ + ^) as bilinear forms on V. Hence the 
conditions (c), (d) of Theorem |23 also hold and the minimal q.d.s. is conservative. □ 
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